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Liquid Crystal Layers
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An original numerical computation of director configurations of a nematic liquid crystal layer in a two
dimensional inhomogeneous (2D) electrical field is presented. In the calculation, a relaxation method
is used to solve the corresponding differential equations and boundary value problems. The optical
performance, as exemplified by the Fraunhofer diffraction, is then calculated.

The calculations involve the self-consistent coupling between the director deformation and the elec-
trical field distribution and are applied to liquid crystal spatial light modulators. For the first time, the
anisotropy of the modulation transfer function of a nematic liquid crystal light modulator is specified
and its dependence on the device parameters as well as on the LC material constants is studied.

Keywords: liquid crystal displays, spatial light modulators, inhomogeneous electrical field,
resolution capability, light diffraction, diffraction efficiency

INTRODUCTION

Usually, a nematic! liquid crystal display (LCD) is assumed to represent a stratified
medium.? The corresponding one dimensional theory is well understood.> The
calculation of the optical performance of a LCD splits into two steps. First, the
distribution of the optical axis through the liquid crystal (LC) layer— called director
pattern—is determined by means of the continuum theory. Many authors have
investigated the director patterns in a one dimensional continuum approach, see,
for example References 4-6. Second, the optical properties of the display are
computed.

To solve Maxwells equations for the light propagation in stratified media, the 4
X 4 matrix formalism? is the most commonly used method.>”’

In many cases of practical interest the optical response of the LC depends on
the distribution of a spatially non-uniform electric field that arises for instance from
the pixel structure in matrix displays or from an intensity distribution on the pho-
toconductor in liquid crystal spatial light modulators (SLMs).®

With the ever decreasing scale of structures of the pixels in matrix displays, a
calculation is needed to investigate the limiting resolution capabilities of the liquid
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crystal layer and its optical performance, and to study the director patterns in the
spatially inhomogeneous electrical field arising from the structure of the electrodes.

We present here an original numerical computation of director configurations
of a nematic liquid crystal layer in a two dimensional, inhomogeneous (2D), elec-
trical field. In the calculation a relaxation method is used to solve the corresponding
differential equations and boundary value problems. The optical performance, as
exemplified by the Fraunhofer diffraction, is then calculated.

The calculations involve the self-consistent coupling between the director de-
formation and the electrical field distribution and are applied to LC light modu-
lators.® For the first time, the anisotropy of the modulation transfer function of a
nematic LC light modulator is specified and its dependence on the device param-
eters as well as on the LC material constants is studied.

The results are compared with an analytical approach that was recently given by
Chigrinov,? where the coupling between director variation and electric field dis-
tribution was neglected and only small deformations were considered.

CALCULATION OF DIRECTOR PATTERNS

We consider a nematic liquid crystal layer of thickness d located between the planes
z = 0 and z = d of a Cartesian coordinate system. The direction of the optical
axis (director) is usually described by means of the tilt angle 6 (measured from the
layer plane) and the twist angle ¢.'° The dielectric constants parallel and perpen-
dicular to the director are denoted by ¢, and e,. The elastic constants for splay,
twist and bend are given by K, K, and K. The tilt angle at both surfaces is denoted
by 6, and we assume strong anchoring. In the calculations, we restrict ourselves
to the two-dimensional case and assume that the electrical field and the director
pattern are invariant in the y-direction. We further demand that the variation of
the director is performed in a plane, that means that the twist angle ¢ is a constant.
This assumption is exactly valid only if the director lies in the plane of the field
inhomogeneity, i.e., if = 0. In the other cases, the director could experience a
“twisting torque” near the boundaries of the striped electrodes; this has been
neglected for simplicity in the following treatment.

Our aim is the computation of the director distribution 8 (x, z) and the electric
potential V (x, z) with the boundary value conditions:

0(x, z

0) = 6, 0(x,z=4d) =8, )
Vix,z=0) =V, Vix,z =d) = Vix) )

Here the function V,(x) is an arbitrary one dimensional periodic voltage distri-
bution with a grating constant g. Hence, the director pattern will be periodic

0(x + g,2) = 0(x, 2) Vix + g,2) = V(x, 2) 3)

and we consider the unit cell with0 = x =gand 0 = z = d.
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To study the possible equilibrium director configurations the free enthalpy

G = j: J;d (Wenast — Wa) dxdz (4)

must be minimized under the conditions (1)-(3). Here w,,, and w,, denote the
energy densities of the elastic deformation and the electric field, respectively. The
variational principle leads to a set of two differential equations

_______ =0
00 dx 96, 9z 90, )

0 98 9 g _
ox oV,  oezav, 0 ©)

with the abbreviations § = wg,q — We, 0, = 86/00 and V, = dV/da (a = x, 2).
In the following, we restrict ourselves to two principal cases of director alignment

in the xz-plane of the field inhomogeneity (& = 0) or perpendicular to it (¢ =

90°).

First Case: 4 = 0

The densities of the elastic deformation and the electric field are given by

1 1
Wetast = E(Klsze + Kyc?0)02 + E(ch2e + K;5%0)02 + (K5 — K)s0c00.6, (7)

W, = %so(h(vg + V2 + Ae(VIP0 + 2V, V,s0c0 + V25%6))  (8)

Here the letters s and ¢ denote the sin and cos function, respectively. Substitution
of (7), (8) into the Eulerian equations gives

0, (K;s%0 + K;c?0) + 0,,(K,c?0 + K;s%0)
+ (K3 — K;)s6c(20,, — 02 + 62) + (K; — K )(c*0 — s20)0,0,
+ £,Ae(s0cB(VZ — V2) + (20 — s20)V,V,) =0 (9)
(e, + Aec?0)V,, + (e, + Aes?0)V,, + 2AesOch
V., — Vo, + V,0,) + Ae(c?0 — s20)(V,0, + V,6,) = 0) (10)

Second Case: ¢ = 90°
Here the energy densities are given by

1 1
Welast = 5 Kz(')i + E(KICZB + K3529)0§ (11)

1
W = ~2-8(,(8l(V)2r + V2) + AeVZs%0) (12)
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The corresponding variational equations yield
K,8,, + 0_,(K,c?0 + K;s%0) + (K; — K,)s08c02 + g,AesbcOVZ = 0 (13)
e, Vi + (e, + Aes?0)V,, + 2AesOcoV.0, = 0 (14)

First, we discuss some pecularities of the two cases. As can be seen, the system
(13), (14) is invariant with respect to a transformation x — —x, while the Equations
(9), (10) are changed under this transformation. Hence the director and potential
distributions are symmetric with respect to the yz-plane in the case ¢ = 90° and
asymmetric for & = 0.

Further it follows from Equation (13) that, for & = 90°, a variation of 8 in the
x-direction is coupled only to the elastic twist constant K,, while in the asymmetric
case, the director pattern does not depend upon K.

To solve the corresponding Eulerian equations numerically, a relaxation method
of finite differences is used. The unit cell is divided into a grid of square meshes
(lattice constant k) and the derivatives are substituted by quotients of finite dif-
ferences. The functions 6(x, z) and V(x, z) are approximated by arrays with ele-
ments 8; and V;; given by

A(x,z)—> A; with i=[xh], j={yh] and A =06,V (15)

Here [. .] denotes the integral part of the real argument. We start the calculation
by computing the matrix elements of each column using the well-known, one
dimensional approach. For the two dimensional computation, a relaxation method
is used which determines an iterative procedure to yield a new approximation
67+, V2*! from the given'! one 6%, V. The iteration formula are obtained from
the corresponding differential equations by substituting the derivatives and solving
the algebraic system for 8, and V.

To minimize the error of discretization, the length of the meshes s should be
small. This leads, however, to a bad convergence of the relaxation method. To
overcome this difficulty, we have used an adapted method, accelerating the con-
vergence rapidly. The iteration is started using a grid of a few meshes. If a given
error condition is matched, the number of meshes is doubled and the solution is
transferred to the new grid by interpolation. The change between iteration and
interpolation is repeated until the desired discretization is achieved.

Figs. 1 and 2 show the director and voltage distribution in the unit cell in both
cases for a liquid crystal layer with the following parameters: K; = 11.3 pN, K,
=8pN, K; = 125pN, ¢, = 248,¢, = 64,06, = 0,d = 10 pm, g = 20 pm,
V, = —1.0 V. For the function V,(x), a square function with an amplitude of 1.0
V is used. One can clearly see the asymmetry and symmetry of 6 and V in the
cases discussed above. The figures show that the field crossing range is larger in
the asymmetric case compared to the symmetric case, which is in good agreement
with Reference 9. In contrast to Reference 9, the proposed numerical method
allows the computation of director patterns under an arbitrary voltage distribution
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FIGURE 1 Director pattern 6(x, z) in the unit cell for the asymmetric case (¢) and the s ymmetric
case (b). Parameters given in the text.

V.(x) involving the self-consistent coupling of elastic deformation and electric field
distribution.

OPTICAL PERFORMANCE OF A 2D-DEFORMED LIQUID CRYSTAL LAYER

In this section, we calculate the optical performance of the untwisted nematic layer
with a given director tilt profile 8(x, z). We use the geometrical optics approxi-
mation (GOA)'? and describe the light propagation inside the LC layer as a locally
one dimensional propagation in a stratified medium. This approximation holds if
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FIGURE 2 Equipotential lines of the voltage distribution V(x, z) in the unit cell for the asymmetric
case (a) and the symmetric case (b). Parameters given in the text.

the light is incident normally and if the director tilt profile varies slowly in the x-
direction compared to the wavelength A of the light. According to the GOA, the

transmitted intensity of the light passing through the LC layer between crossed
polarizers, with the director plane at 45° to the input polarizer, is given by

T(x) = sin’ (%’ (e ) — no)) (16)

with

-— ( ) l fd neno
e eii(X) = 5 -
<ff d Jo V/n2cos®0(x, z) + n2sin®6(x, z)

dz a7

Here, A denotes the wavelength of the incident light, and n, and n, are the
refractive indices of the ordinary and extraordinary wave, respectively. 7 .«(x) is
called the average effective extraordinary index at the position x. The described
approximation was used by Nicholson' to calculate microscopic pictures of LC
textures.

Now we consider the Fraunhofer diffraction at the LC layer that arises from the



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:35 19 February 2013

DEFORMED NEMATIC LAYERS 71

variation of the complex field amplitudes at z = d. We assume that the light is
polarized parallel to the plane of the director—this means that only the extraor-
dinary wave propagation must be considered and within the GOA there exists a
phase grating at z = d. The intensity profile in the Fourier plane of a converging
lens is given within the GOA by

2

. 1 l — e2‘n'igNL2 g Kodie(x) + 2mixa
I(a) = N_g T e ) ), gikodnclx) + 2mixi gy (18)

with the normalized diffraction angle u = an/A (a: angle of diffraction, n: refractive
index of the isotropic ambient). The number N denotes the number of periods
illuminated by the light.

OPTICAL PERFORMANCE AND RESOLUTION CAPABILITIES OF LC SLMs

In this section, we investigate the intrinsic resolution capabilities of liquid crystal
spatial light modulators (SLMs),® based on the theory presented above. We consider
a transmissive SLM consisting essentially of a LC layer and a photoreceptor. An
input optical image activates the photoreceptor, which produces a corresponding
charge image that provides the electric field for the LC readout material. The read
light is modulated while propagating through the LC layer. The resolution capability
and field fringing of the photoreceptor were investigated recently.®!* However,
the influence of the LC layer was neglected. It was shown that charge diffusion
and finite thickness of the photoreceptor limit the resolution to about 20 Ip/mm
for GaAs and 70 lp/mm for amorphous silicon.5!®

In this paper, we investigate the resolution capability of the LC layer alone and
calculate the optical response as a function of the boundary voltage distribution
Vi(x).

We assume that a periodic intensity modulated stripe pattern is imaged at the
photoreceptor causing a periodic boundary voltage distribution V,(x) with grating
constant g. (In the following we set V, = 0.) The optical response of the LC layer
is then investigated as a function of the grating constant g. To characterize the
resolution capability of the layer, several quantities are used. Usually the modu-
lation transfer function

MTF = (Imax - Imin)/(lmax + Imin) (19)

is introduced'® where I, and [, are the minimum and maximum transmittances
of the read light. If the SLM is used as an element of an optical processor or in
pattern recognition, the diffraction efficiency of the first order of the Fraunhofer
diffraction pattern is often used to characterize the optical response.? To describe
the asymmetric optical response expected for & = 0 we introduce the averaged
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0 g

FIGURE 3 Transmittance as a function of x for light propagating normally through the LC layer,
with thickness d = 10 pm, located between crossed polarizers. The voltage distribution is harmonic
with a grating constant g = 20 pm. The curves 1 and 3 correspond to the asymmetric case, while curves
2 and 4 correspond to the symmetric case. Switching is between the first two extrema (curves 1 and 2)
and the last two extrema (curves 3 and 4) of the one dimensional characteristics, respectively. The
parameters are given in the text.

diffraction efficiency DE and the asymmetric part of the diffraction efficiency ADE
by

DE = (I,,0on + I_, on)/ (2L, oFF) (20)
ADE = (I+n,ON - I-n,ON)/Io.OFF (21)

Here 1., o are the intensities of the *+nth order of the Fraunhofer pattern in
the on-state, while I, ogr is the zeroth order intensity in the off-state.

In the following, we distinguish two cases of the voltage distributions V,(x). The
harmonic distribution law

Vix) = V, + %171 (l — cos [%]) (22)

corresponds to the first component of the Fourier expansion of an arbitrary periodic
distribution. The square distribution

v, f0=<x<gd or 3gd<sx=<
Vilx) = {l—/o + V, otherwise i s s (23)
is obtained, if a binary intensity profile is perfectly transformed by the photore-
ceptor. We call V, the bias voltage and V, the amplitude of the distribution.

To investigate the resolution capability of the LC layer one has first to compute
the electro-optic characteristics between crossed polarizers from the one-dimen-
sional theory. The bias voltage V, and the amplitude V, are then determined by
the requirement of maximum contrast and minimum response time. Usually, V,,
and V, are chosen corresponding to neighbouring extrema of the transmission vs.
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FIGURE 4 Averaged diffraction efficiency DE and the asymmetric part of the diffraction efficiency
ADE of the first order Fraunhofer diffraction as function of the inverse grating constant. The layer has
a thickness of 10 pm and the curves are named as in Fig. 3.

voltage curve. If V_ and V, are fixed, the two-dimensional director pattern and the
optical response of the layer due to a voltage distribution V,(x) are calculated as
functions of the grating constant g.

To determine the influence of material and cell parameters on the resolution
capability, one has first to fix V, and V, for each parameter set from the one-
dimensional characteristics. Otherwise, a change of parameters may shift the ex-
trema already impairing the optical performance. Now we consider a LC layer with
the following material parameters: K; = 11.3 pN, K, = 8 pN, K; = 12.5 pN, ¢,
=248,¢, = 64,08, =0, n, = 1.610, n, = 1.489. The one-dimensional trans-
mission vs. voltage characteristics of a 10 wm thick LC layer for light propagating
normal to the layer having a wavelength of A = 550 nm, exhibits four extrema,
which we number beginning at the Fréedericksz transition. We compare two pos-
sible switching regions: switching between the first two extrema (V, = 0.94 V, V,
= 0.27 V), and switching between the last two extrema (V, = 1.51 V, V| = 0.76
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FIGURE 5 Modulation transfer function MTF as a function of the grating constant and averaged
diffraction efficiency of the first order as a function of the inverse grating constant. The layer has a
thickness of 5 um and the parameters are the same as in Fig. 3. There is only one switching region
with V,, = 0.94 V and V, = 0.58 V. The voltage distribution is harmonic (curves 1 and 2) and square
(curves 3 and 4), respectively. The orientation of the director is & = 0 (curves 1 and 3) and ¢ = 90°
(curves 2 and 4), respectively.

V). Fig. 3 shows the transmitted intensity as a function of x calculated according
to Equation (16), if the harmonic voltage distribution with a grating constant g =
20 pm activates the layer. Here, for each switching region, the symmetric and
asymmetric cases are shown, respectively. One can see, that there is always a better
imaging for & = 90° compared to ¢ = 0 and that for the asymmetric case, the
transmission curve becomes strongly asymmetric for the high voltage switching
region. This is illustrated in Fig. 4, too, which shows the averaged diffraction
efficiency and the asymmetric part of the diffraction efficiency of the first order as
functions of the inverse grating constant. For higher voltages, DE becomes larger.
However, ADE is increased, too, in the high voltage region for & = 0. It can be
seen that ADE is identically zero in the symmetric case and that it vanishes in the
asymmetric case if the grating constant is small or large compared to the LC
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FIGURE 6 Modulation transfer function MTF as a function of the grating constant g in the asymmetric
case (a) and the symmetric case (b), respectively. The layer has a thickness of 5 um. The cell is activated
by the harmonic voltage distribution and the switching region is determined for each parameter set.
The parameters, except for the diclectric constants, are the same as in Fig. 3. The curves are numbered
corresponding to the magnitude of the relative dielectric anisotropy: g = 24.8, ¢, = 6.4 (1); ¢, = 15.0,
£, =64(2);¢e =248,¢e, = 13.03); 5 = 100, e, = 6.4 (4); ¢ = 24.8, ¢, = 20.0 (5).

thickness. This is clear, because for a small grating constant, the first diffraction
orders vanish, while for a large grating constant, the one dimensional theory holds
approximately.

The resolution capability of a LC layer becomes better if its thickness is decreased
as can be seen in Fig. 5 which shows the modulation transfer function and the
averaged diffraction efficiency for a layer with d = 5 pm. In this case, the cor-
responding one dimensional characteristics exhibit only two extrema; therefore
only one switching region is possible. From Fig. 5, it follows that the square
distribution leads to a higher diffraction efficiency compared to the harmonic dis-
tribution which is expected from ordinary Fourier optics.

Further calculations have shown that a variation of the elastic constants only
weakly influences the resolution capability; the best resolution is achieved if
Ky/K, = 1 which is in good agreement with Chigrinov.® On the other hand, a
variation of the dielectric constants strongly affects the modulation transfer function
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FIGURE 7 Modulation transfer function MTF as a function of the grating constant g in the asymmetric
case (1, 3) and the symmetric case (2, 4), respectively. The surface pretilt is 8, = 0 (1, 2) and 10° (3,
4), respectively. The cell has a thickness of 5 pm and the parameters are chosen as in Fig. 3. For each
value of 8, the switching region is determined by the one dimensional characteristics.

especially for & = 90° (Fig. 6). In contrast to Reference 9, we have found the best
resolution capability if the relative dielectric anisotry Ae/e, is large. Furthermore,
increasing the surface pretilt angle up to 6, = 10° also improves the resolution
(Fig. 7).

CONCLUSIONS

We have presented an original numerical computation of director configurations
of a nematic liquid crystal layer in a two dimensional inhomogeneous (2D) electrical
field. In the calculation, a relaxation method is used to solve the corresponding
differential equations and boundary value problems. The optical performance, as
exemplified by the Fraunhofer diffraction, is then calculated.

The calculations involve the self-consistent coupling between the director de-
formation and the electrical field distribution and were applied to LC light mod-
ulators. For the first time the anisotropy of the modulation transfer function of a
nematic LC light modulator was specified and its dependence on the device pa-
rameters as well as on the LC material constants was studied. The best resolution
capability is obtained if the elastic constants are equal to each other K;/K, = 1 and
if the relative dielectric anisotropy is large. Furthermore, the resolution is always
better in the symmetric case compared to the asymmetric case. For ¢ = 90°, the
resolution is increased if K, is decreased.

The influence of the material parameters is greatest if the ratio between the
grating constant and the layer thickness is between 2 . . . 4,
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